In this paper, a new construction method of quaternary sequences of even period 2N having the ideal autocorrelation and balance properties is proposed. These quaternary sequences are constructed by applying the inverse Gray mapping to binary sequences of odd period N with the ideal autocorrelation. Autocorrelation distribution of the proposed quaternary sequences is derived. These sequences can be used to construct quaternary sequence families of even period 2N. Family size and the maximum absolute value of correlation spectrum of the proposed quaternary sequence families are also derived.
Introduction
Pseudorandom sequences with good correlation property play an important role in designing digital communication systems. This is because the good correlation property guarantees less interferences in the wireless communication systems. Especially, binary and quaternary sequences have been paid more attention to because the binary and quadrature modulations are widely used in the wireless communication systems.
There have been numerous researches on the binary sequences with the ideal autocorrelation property, which include m-sequences [1] , GMW sequences [2] , and Legendre sequences [3] . Also, binary sequence families with a good cross-correlation property have been extensively studied [1] , [4] . Gold sequence families [1] are optimal for odd n with respect to the Sidelnikov bound. A small set of Kasami sequences [1] and a set of No sequences [4] are optimal with respect to the Welch bound.
M-ary phase-shift keying (PSK) modulation schemes are frequently used for the high-speed data transmission. Especially, quadrature phase shift keying (QPSK) modulation is adopted as a standard for the third generation wireless communication systems. Binary codes can be used for this purpose by separating each quaternary symbol into two binary symbols. However, this shows an inferior spreading performance when compared to the case that quaternary codes are used for the same purpose. Therefore, quaternary sequences are recommended for QPSK modulation rather than binary ones. As a result, it becomes more important to find quaternary codes with good correlation property.
Various results have been reported on the quaternary sequences with good autocorrelation property [5] - [7] . Schotten's complementary-based sequences [7] have a good autocorrelation property for odd period. Luke, Schotten, and Hadinejad-Mahram constructed quaternary sequences with good autocorrelation property for even period [7] . However, balance property of these sequences is not good because they are almost binary sequences. Jang, Kim, Kim, and No constructed the quaternary sequences with the ideal autocorrelation and balance properties [5] , [6] . Although these sequences have good autocorrelation property, they have a weak point in their symbol distribution, that is, the sequences take the symbols 0 and 2 at the even indices and the symbols 1 and 3 at the odd indices. This characteristic reduces the randomness of the sequences. Chung, Han, and Yang recently proposed a new method to construct quaternary sequences from a binary sequence [8] . These sequences also have good autocorrelation property, but they use a single binary sequence in order to construct quaternary sequences. This characteristic decreases the flexibility of constructing quaternary sequences.
Some quaternary sequence families with good correlation are listed in Table 1 . The quaternary sequence families A, B, C, D, S, U, and E [9] are constructed on Galois rings rather than finite fields. Therefore, construction processes of them are rather complex. The quaternary sequence family L [10] is generated by using the quaternary Sidel'nikov sequences. Although this sequence family has a large family size and an easy construction method, its maximal correlation is three times of the optimal maximum correlation.
In this paper, a new construction method of quaternary sequences of even period 2N with the ideal autocorrelation and balance properties is proposed by applying the inverse Gray mapping to binary sequences of odd period N with Table 1 Comparison of the quaternary sequence families.
Family
Period N Family size Maximal correlation
Copyright c 2011 The Institute of Electronics, Information and Communication Engineers the ideal autocorrelation. Autocorrelation distribution of the proposed quaternary sequence is also derived. Moreover, a new construction method of quaternary sequence families of even period 2N is proposed using the inverse Gray mapping and binary sequence families of odd period N. Family size and the maximum absolute value of correlation spectrum of the proposed quaternary sequence families are also derived. If we use binary sequence families which are optimal with respect to the Welch bound, the constructed sequence family has about √ 2 times of the optimal maximum correlation. This value is smaller than the case of a sequence family L, but it is rather larger than the cases of optimal sequence families A, B, C, D, S, U, and E. However, the proposed quaternary sequence family has much simpler construction process than A, B, C, D, S, U, and E.
Preliminaries
Let g(t) be a q-ary sequence of period N for positive integers q and N. The sequence g(t) is said to be balanced if all the differences among numbers of occurrences of each symbol in a period are less than or equal to one.
The autocorrelation function R g (τ) of g(t) is defined as
where 0 ≤ τ < N and ω q is the complex primitive qth root of unity, e.g., ω 4 = √ −1. The cross-correlation function R g 1 g 2 (τ) of g 1 (t) and g 2 (t) is defined as
It is well known that a binary sequence of odd period N with the ideal autocorrelation has the distribution of autocorrelation values as
In addition, the autocorrelation distribution of a quaternary sequence of even period N with the ideal autocorrelation and balance properties is given as
For a family F of sequences, C max is defined as the maximum absolute value of correlation among all pairs of sequences in F except for the inphase autocorrelation.
Welch [1] has established the well-known lower bounds on the smallest possible C max for a given family of size M and sequence period N as
where k is a positive integer. When C max of a given family F achieves the above bound, F is said to be optimal with respect to the Welch bound. Roughly speaking, C max is very close to √ N when F is optimal with respect to the Welch bound.
Let φ[s 0 , s 1 ] be the inverse Gray mapping defined by
Given two binary sequences s 0 (t) and s 1 (t) of period N, a quaternary sequence of period N defined by q(t) = φ[s 0 (t), s 1 (t)] can be equivalently expressed as [11] ω q(t)
Krone and Sarwate derived the relation between the correlations of the binary sequences and those of the quaternary sequences in (1) as follows. [11] Let s 0 (t), s 1 (t), s 2 (t), and s 3 (t) be binary sequences of the same period. Let q 0 (t) and q 1 (t) be quaternary sequences defined by q 0 (t) = φ[s 0 (t), s 1 (t)] and q 1 (t) = φ[s 2 (t), s 3 (t)], respectively. Then the crosscorrelation function R q 0 q 1 (τ) between q 0 (t) and q 1 (t) is given as
Theorem 1:
where R s i s j (τ) is the cross-correlation function of s i (t) and s j (t).
New Construction of Quaternary Sequences with the Ideal Autocorrelation and Balance Properties Using Binary Sequences with the Ideal Autocorrelation Property
In this section, by using binary sequences of period N with the ideal autocorrelation and the inverse Gray mapping, we propose a new construction method of quaternary sequences of period 2N with the ideal autocorrelation and balance properties. The autocorrelation distribution of the proposed quaternary sequences is also derived. Let a(t) and b(t) be two binary sequences of odd period N with the ideal autocorrelation. Then, a new quaternary sequence q(t) of period 2N is defined as
where s 0 (t) and s 1 (t) are two binary sequences of period 2N defined by s 0 (t) = a(t), for t ≡ 0 mod 2 a(t), for t ≡ 1 mod 2
First of all, we investigate into the condition which makes q(t) be balanced as in the following lemma. then, by using the definition in (2), we have
Lemma 2: Let q(t) be the quaternary sequence defined in (2). If a(t) has the balance property, then q(t) also has the balance property, i.e., q(t)
Since a(t) has the balance property, it is clear that
Next, by using the autocorrelation functions of a(t) and b(t), the autocorrelation function of q(t) can be derived as follows.
Lemma 3: Let q(t) be the quaternary sequence defined in (2). Then autocorrelation distribution of q(t) can be expressed as
Proof : See the proof of Lemma 6.
Finally, the quaternary sequences with the ideal autocorrelation and balance properties can be constructed as follows.
Theorem 4: Let a(t) and b(t) be two binary sequences of odd period N with the ideal autocorrelation. Then, a quaternary sequence q(t) in (2) of period 2N has the ideal autocorrelation and balance properties with the following distribution
0, for τ ≡ 1 mod 2 −2, for τ ≡ 0 mod 2 and τ 0.
Proof : Since all binary sequences with the ideal autocorrelation have the balance property, a(t) is balanced. By Lemma 2, we know that q(t) also has the balance property.
When a(t) and b(t) have the ideal autocorrelation property, it is clear that
By Lemma 3, we can easily derive the distribution of R q (τ).
Note that if a(t) = b(t)
, the constructed quaternary sequence is the same as the one proposed by Jang, Kim, Kim, and No [5] . In this case, the resulting quaternary sequence takes the symbols 0 and 2 at the even indices and the symbols 1 and 3 at the odd indices. This characteristic reduces the randomness of the sequences. This problem can be resolved by selecting two different binary sequences a(t) and b(t).
An example of the above theorem using a binary msequence and a GMW sequence is given as follows.
Example 5: Let a(t) be the binary m-sequence of period 63
given by a(t) = 00000100001100010100111101000111 0010010110111011001101010111111.
And let b(t) be the binary GMW sequence of period 63 given by
b(t) = 01111011100111101001011011101000 1101011001101000111010001000000.
From the definition of q(t) defined in (2), q(t) of period 126
can be generated as q(t) = 00101210113310121200332213111232 10300312302221321022120212323231 10103010022010303112233020003230 121120321333023013303130323232.
The autocorrelation of q(t) is calculated as
126, for τ = 0 0, for τ ≡ 1 mod 2 − 2, for τ ≡ 0 mod 2 and τ 0.
New Construction of Quaternary Sequence Families Using Binary Sequence Families
In this section, we propose a new construction method of quaternary sequence families using existing binary sequence families. The C max of the proposed quaternary sequence family is derived.
where s i0 (t) and s i1 (t) are the binary sequences of period 2N defined by
In order to derive C max of the proposed quaternary sequence family F q , the following lemma is needed.
Lemma 6: Let q i (t) and q j (t) be two quaternary sequences defined in (4). Then cross-correlation function between q i (t)
and q j (t) can be expressed as
Proof : From Theorem 1, R q i q j (τ) can be rewritten as
From the definition of s i0 (t), s i1 (t), s j0 (t), and s j1 (t), the cross-correlation functions R s i0 s j0 (τ) and R s i1 s j1 (τ) are expressed as
Also, it is easy to check that
where 0 ≤ t < N and thus we have
Note that Lemma 3 is considered as a corollary of Lemma 6 in the case when q i (t) = q j (t).
Finally, from Lemma 6, we derive C max of the quaternary sequence family F q as follows. (4) Therefore,
which is about √ 2 times of the Welch bound √ 2N of F q .
Conclusion
In this paper, we proposed a new construction method of quaternary sequences of even period having the ideal autocorrelation and balance properties. Also, we constructed quaternary sequence families of even period having relatively small maximal correlation and a simple construction method. In both cases, quaternary sequences are constructed by applying the inverse Gray mapping to two binary sequences. These two binary sequences can be chosen from any binary sequence having good correlation property. Therefore, the proposed construction methods have a great amount of flexibility. Since the higher order modulations are widely preferred in the wireless communication systems such as 3GPP, the proposed quaternary sequences can be used in such wireless communication systems as spreading codes.
